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Moduli spaes of reexive sheaves of rank 2
Jan O. Kleppe
Abstrat
Let F be a oherent rank 2 sheaf on a sheme Y ⊂ Pn of dimension at least two. In this paper
we study the relationship between the funtor whih deforms a pair (F , σ), σ ∈ H0(F), and
the funtor whih deforms the orresponding pair (X, ξ) given as in the Serre orrespondene.
We prove that the sheme struture of e.g. the moduli sheme MY(P ) of stable sheaves on
a threefold Y at (F), and the sheme struture at (X) of the Hilbert sheme of urves on Y
are losely related. Using this relationship we get riteria for the dimension and smoothness
of MY(P ) at (F), without assuming Ext
2(F ,F) = 0. For reexive sheaves on Y = P3 whose
deieny module M = H1
∗
(F) satises 0Ext
2(M,M) = 0 (e.g. of diameter at most 2), we get
neessary and suient onditions of unobstrutedness whih oinide in the diameter one ase.
The onditions are further equivalent to the vanishing of ertain graded Betti numbers of the
free graded minimal resolution of H0
∗
(F). It follows that every irreduible omponent of MP3(P )
ontaining a reexive sheaf of diameter one is redued (generially smooth). We also determine
a good lower bound for the dimension of any omponent of MP3(P ) whih ontains a reexive
stable sheaf with small deieny module M .
AMS Subjet Classiation. 14C05, 14D22, 14F05, 14J10, 14H50, 14B10, 13D02, 13D07.
Keywords. Moduli spae, reexive sheaf, Hilbert sheme, spae urve, Buhsbaum sheaf, un-
obstrutedness, up produt, graded Betti numbers.
1 Introdution and Main Results
Let Y ⊂ Pn be an equidimensional, loally Cohen-Maaulay (CM), losed subsheme of dimension
at least two and let F be a oherent rank 2 sheaf on Y . Let HilbX/Y be the loal Hilbert funtor
of at deformations XS ⊂ Y × S, S a loal artinian k-algebra, of a odimension 2 subsheme X
of Y . An eetive method of studying the Hilbert sheme, Hilbp(Y ), of subshemes of Y with
Hilbert polynomial p with respet to smoothness, dimension and irreduibility at (X), is to look at
other loal deformation funtors D over HilbX/Y , D → HilbX/Y , whih allow a surjetive tangent
map tD → tHilbX/Y = H
0(NX/Y ), NX/Y = (IX/Y /I
2
X/Y )
∗
, and a orresponding injetive map of
obstrution spaes. We onsider suh deformation funtors D whih determine Hilbp(Y ) loally
under various assumptions. In partiular we look to the funtor of deformations of a pair (F , σ), or
equivalently of the pair (X, ξ) where ξ is an extension as in the Serre orrespondene
ξ ; 0→ OY
σ
−→ F → IX/Y ⊗ L → 0 . (1)
see [15℄, [17℄, [44℄, [45℄ and [46℄ for the existene of suh extensions. Let DefF (resp. DefF ,σ) be the
loal deformation funtor of at deformations FS of F (resp. OY×S
σS−→ FS of OY
σ
−→ F). Note
that we have an obvious forgetful map p : DefF ,σ → DefF . There exists also a natural projetion
DefF ,σ → HilbX/Y given by
(OY×S
σS−→ FS)→ ((coker σS)⊗OY×S (OY ×S ⊗OY L
−1))
whih one may think of as given by the (relative) Serre orrespondene and the forgetful map
(XS , ξS) → (XS). We shortly write coker σS ⊗ L
−1
for (coker σS) ⊗OY×S (OY×S ⊗OY L
−1). Using
small letters for the dimensions, e.g. exti(F ,F) = dimExti(F ,F) and h0(F) = dimH0(F) we prove
Theorem 1. With the notations above, suppose Y is loally CM and equidimensional of dimension
dimY ≥ 2 and suh that H0(OY ) ≃ k and H
i(OY ) = 0 for i = 1 and 2. Moreover we suppose
there exists an exat sequene (1) where X is equidimensional and loally CM of odimension 2
in Y and IX/Y = ker(OY → OX). Then Ext
1(IX/Y ⊗ L,F) is the tangent spae of DefF ,σ and
Ext2(IX/Y ⊗ L,F) ontains the obstrutions of deforming (F , σ). Moreover
(i) p : DefF ,σ → DefF is smooth (i.e. formally smooth) provided H
1(F) = 0, and
(ii) q : DefF ,σ → HilbX/Y is smooth provided Ext
2
OY
(F ,OY ) = 0.
Furthermore suppose H1(F) = 0, Ext2OY (F ,OY ) = 0, and that ωY is invertible. Then
ext1(F ,F) − hom(F ,F) + h0(F) = h0(NX/Y )− 1 + h
0(ωX ⊗ ω
−1
Y ⊗ L
−1)−
2∑
i=0
hi(L−1).
Suppose in addition that F is stable (GM-stable) and H i(L−1) = 0 for i = 0, 1, 2. Then
dim(F)MY(P ) + h
0(F) = dim(X)Hilb
p(Y ) + h0(ωX ⊗ ω
−1
Y ⊗ L
−1) , and
MY(P ), the moduli sheme of stable sheaves with Hilbert polynomial P on Y , is smooth at (F) if
and only if Hilbp(Y ) is smooth at (X). Moreover F is a generi sheaf of some omponent of MY(P )
if and only if X is generi in a orresponding omponent of Hilbp(Y ).
Let F = H0∗ (F) := ⊕H
0(F(v)), M = H1∗ (F) and E = H
2
∗ (F). If 0Hom(F,M) = 0 and Y is
arithmetially Cohen-Maaulay (ACM), then we show that the loal graded deformation funtors of
F and of (F,H0∗ (σ)) are isomorphi to DefF and DefF ,σ respetively. We get the following variation
of Theorem 1(i); that p is smooth provided 0Hom(F,M) = 0 and Y is ACM.
One may interpret the morphisms p and q in Theorem 1 as orresponding to natural projetions
in an inidene orrespondene of shemes of orepresentable funtors, onneting MY(P ) losely to
Hilbp(Y ). Under the assumptions of Theorem 1 the projetions are smooth of known ber dimension.
Sine the ber dimensions are easy to see and the Serre orrespondene is well understood ([15℄),
related arguments as in the theorem are used in the literature, espeially to ompute dimensions of
or desribe very spei moduli shemes (e.g. [4℄, [14℄, [16℄, [18℄, [34℄, [42℄, [8℄ and see [45℄, set. 4
for results and a disussion). It is, however, under the mere assumptions of (i) and (ii) above we are
able to preisely see that the sheme strutures of MY(P ) and Hilb
p(Y ) are the same. To apply
Theorem 1 we neither need H1(NX/Y ) = 0, nor Ext
2
OY
(F ,F) = 0 to prove the smoothness of the
moduli shemes. This, we think, signiantly distinguishes our theorem from the results and the
proofs of the mentioned papers. For the omplete piture we have no better referene that an old
preprint of the author ([19℄, for the ase Y = P3) and the paper [9℄ whih expliitly makes use of
(without proofs) and slightly extends the results of [19℄, and we therefore inlude full proofs.
As an appliation we prove several results onerning smoothness and dimension of the moduli
spae, MP3(c1, c2, c3), of stable reexive sheaves of rank 2 with Chern lasses c1, c2 and c3 on P
3
. In
some ases, espeially for c3 = 0 or small c2 or large c3, one knows the answer, e.g. see [1℄, [3℄, [4℄,
[6℄, [9℄, [14℄, [15℄, [16℄, [33℄, [34℄ and [30℄. Muh is still unknown about MP3(c1, c2, c3), see [40℄ for an
overview of reent researh. Let
ed(F) = ext1OY (F ,F) − ext
2
OY
(F ,F)
(using small letters for the dimension of the global Ext-group). If F is stable, then ed(F) is sometimes
alled the expeted dimension ofMY(P ) at (F) and ed(F) = 8c2−2c
2
1−3 if Y = P
3
. We prove that
MP3(c1, c2, c3) is smooth at (F), i.e. that F is unobstruted, and we nd dim(F)MP3(c1, c2, c3) pro-
vided we have suient vanishing of vHomR(F,M) and vHomR(M,E) for v = 0 and−4 (Theorem 9).
2
This result generalizes [33℄, whih gives the omplete answer for M = 0. Let 0Ext
2
R(M,M) = 0.
Using that the omposition
η : 0HomR(F,M) × 0HomR(M,E) −→ 0HomR(F,E) , (2)
ommutes with the up produt, we show that F is obstruted if η 6= 0 (f. [10℄, [23℄, [47℄). Thanks
to this result we get that the suient onditions of unobstrutedness of Theorem 9 are lose (resp.
equivalent) to being neessary onditions provided the diameter of M is small (resp. one). Sine we
an substitute the non-vanishing of the Hom-groups of Theorem 9 by the non-triviality of ertain
graded Betti numbers appearing in the minimal resolution,
0→
⊕
i
OP(−i)
β3,i →
⊕
i
OP(−i)
β2,i →
⊕
i
OP(−i)
β1,i → F → 0 ,
of F and we expliitly ompute 0homR(F,E) (see Remark 20), we get
Theorem 2. Let F be reexive of rank 2 on P3 and suppose M 6= 0 is r-dimensional of diameter 1
and onentrated in degree c. Then F is obstruted if and only if
β1,c · β2,c+4 6= 0 or β1,c+4 · β2,c+4 6= 0 or β1,c · β2,c 6= 0 .
Moreover if F is an unobstruted stable sheaf, then the dimension of the moduli sheme MP3(c1, c2, c3)
at (F) is
dim(F)MP3(c1, c2, c3) = ed(F) + 0homR(F,E) + r(β1,c+4 + β2,c).
It follows that every irreduible omponent of MP3(c1, c2, c3) whose generi sheaf F satises
diamM = 1 is redued (i.e. generially smooth). If diamM = m we give examples of moduli spaes
MP3(c1, c2, c3) ontaining a non-redued omponent for every integer m ≥ 3. If diamM = 2 we
onjeture that the orresponding omponent of MP3(c1, c2, c3) is generially smooth. We also give
a new formula for the dimension of any generially smooth irreduible omponent of MP3(c1, c2, c3)
(Theorem 22). Even though some of the results of this paper may have a diret proof in whih
the ondition reexive is replaed by torsionfree, we have hosen just to use Theorem 1 and the
orresponding results for Hilbp(P3).
The main results of this paper were letured at the workshop on "Vetor Bundles and Low
Codimensional Subvarieties at Trento, in September 2006. The author thanks the organizers
for their hospitality. Theorem 1 for Y = P3, Example 6 and Example 7 were the main re-
sults (exept for the dimension statements) in an old preprint of the author ([19℄, available at
http://www.iu.hio.no/~jank/papers.htm). Moreover I heartily thank prof. O. A. Laudal at Oslo,
prof. S.A. Strømme at Bergen and prof. R.M. Miró-Roig at Barelona for interesting disussions
and omments.
1.1 Notations and terminology
R = k[X0,X1, ...,Xn] is a graded polynomial ring over an algebraially losed k of arbitrary har-
ateristi with the standard grading, m = (X0, ..,Xn) and Y ⊂ P
n
is a losed equidimensional,
loally Cohen-Maaulay (CM) subsheme. We keep the other notations of the introdution. A
urve X in Pn (resp. in Y ) is an equidimensional, loally CM subsheme of P := Pn (resp. of
Y ) of dimension one with sheaf ideal IX (resp. IX/Y ) and normal sheaf NX = HomOP (IX ,OX)
(resp. NX/Y = HomOY (IX/Y ,OX) in Y ). X is unobstruted if the Hilbert sheme is smooth at
the orresponding point (X) = (X ⊆ Pn), otherwise X is obstruted. The Hilbert sheme of spae
urves of degree d and arithmeti genus g is denoted by H(d, g). If F is a oherent OY -Module,
3
we let H i(F) = H i(Y,F) and hi(F) = dimH i(F), and we denote by χ(F) = Σ(−1)ihi(F). Then
IX := H
0
∗ (P,IX) is the saturated homogeneous ideal of X in P
n
.
Let M = M(F) be the deieny module H1∗ (F). F is said to be unobstruted if the hull
of the loal deformation funtor, DefF , is smooth. By stable we mean GM-stable, i.e. stable
in the sense of Gieseker and Maruyama in whih the Hilbert polynomial (and not the 1st Chern
lass) is used to dene stability (see [17℄, h. I). Thus a stable F is unobstruted i MY(P ), the
moduli sheme of stable sheaves with Hilbert polynomial P on Y , is smooth at (F) ([17℄, Thm.
4.5.1). The two onepts of stability are the same if Y = P3 ([15℄, Rem. 3.1.1). Stable sheaves are
simple, i.e. Hom(F ,F) ≃ k ([17℄, Cor. 1.2.8). A oherent sheaf F is reexive i F ≃ F∗∗ where
F∗ = Hom(F ,−) (see [15℄). In the ase Y is a smooth threefold, we denote by MY(c1, c2, c3) the
moduli sheme of stable reexive sheaves of rank 2 on Y with Chern lasses c1, c2 and c3. Thus
MY(c1, c2, c3) is open in MY(P ). For any F of MY(c1, c2, c3) there exists an exat sequene (1) after
replaing F by some F(t), due to a theorem of Hartshorne. In fat (1) denes a orrespondene
between the sets of pairs (F , s) and pairs (X, ξ) provided ξ generates ωX ⊗ ω
−1
Y ⊗ L
−1
exept at
nitely many points (the Hartshorne-Serre orrespondene, see [15℄, Thm. 4.1 and [44℄, Thm. 1).
A sheaf F of rank 2 on P3 is said to be Buhsbaum if m · M(F) = 0. We dene the di-
ameter of M(F) (or of F) by diamM(F) = c − b + 1 where b = min{n|h1(F(n)) 6= 0} and
c = max{n|h1(F(n)) 6= 0} and by diamM(F) = 0 if M(F) = 0. The diameter of a urve C,
diamM(C), is orrespondingly dened. A urve in a suiently small open irreduible subset of
H(d, g) (small enough to satisfy all the openness properties whih we want to pose) is alled a generi
urve of H(d, g), and aordingly, if we state that a generi urve has a ertain property, then there
is a non-empty open irreduible subset of H(d, g) of urves having this property. A generization
C ′ ⊆ P3 of C ⊆ P3 in H(d, g) is a the generi urve of some irreduible subset of H(d, g) ontaining
(C). In the same way we use the word generi and generization for a stable sheaf. By an irreduible
omponent of H(d, g) or MP3(c1, c2, c3) we always mean a non-embedded irreduible omponent.
For any graded R-module N we have the right derived funtors H i
m
(N) and vExt
i
m
(N,−) of
Γm(N) =
∑
v ker(Nv → Γ(P, N˜ (v))) and Γm(HomR(N,−))v respetively (f. [11℄, exp. VI). We
use small letters for the k-dimension and subsript v for the homogeneous part of degree v, e.g.
vext
i
m
(N1, N2) = dim vExt
i
m
(N1, N2), for graded R-modules Ni of nite type. There is a spetral
sequene ([11℄, exp. VI)
Ep,q2 = vExt
p
R(N1,H
q
m
(N2))⇒ vExt
p+q
m
(N1, N2) (3)
(⇒ means onverging to) and a duality isomorphism ([22℄, Thm. 1.1);
vExt
i+1
m
(N2, N1) ≃ −v Ext
n−i
R (N1, N2(−n− 1))
∨
(4)
where (−)∨ = Homk(−, k), generalizing the Gorenstein duality vH
i+1
m
(M) ≃ −vExt
n−i
R (M,R(−4))
∨.
These groups t into a long exat sequene ([11℄, exp. VI)
→ vExt
i
m
(N1, N2)→ vExt
i
R(N1, N2)→ Ext
i
OP
(N˜1, N˜2(v))→ vExt
i+1
m
(N1, N2)→ (5)
whih e.g. relates the deformation theory of X ⊆ P3, desribed by H i−1(NX) ≃ Ext
i
OP
(IX ,IX) for
i = 1, 2, to the deformation theory of the homogeneous ideal I = IX (or equivalently of A = R/I),
desribed by 0Ext
i
R(IX , IX), in the following exat sequene
vExt
1
R(I, I) →֒ H
0(NC(v))→ vExt
2
m
(I, I)
α
−→ vExt
2
R(I, I)→ H
1(NC(v))→ vExt
3
m
(I, I)→ 0 (6)
(f. [23℄, setion 2). Let M(X) = H2
m
(I). Note that, in this situation, C. Walter proved in
[48℄, Thm. 2.3 that the map α : vExt
2
m
(I, I) ≃ vHomR(I,H
2
m
(I)) → vExt
2
R(I, I) of (6) fatorizes
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via vExt
2
R(M(X),M(X)) in a natural way, the fatorization is in fat given by a ertain edge
homomorphism of the spetral sequene (3) with N1 = M , N2 = I and p + q = 4 (f. [10℄, Thm
2.5). We frequently refer to [23℄ and all results we use from [23℄ are true without the harateristi
zero assumption of the eld quoted for that paper.
2 The sheme struture in the Serre orrespondene
In this setion we will prove the basi Theorem 1 and its variations. Moreover we give some appli-
ations and examples of moduli shemes MY(c1, c2, c3) in the ase Y = P
3
. In partiular we show
that some MP3(c1, c2, c3) ontains a non-redued omponent.
The loal deformation funtors DefF , DefF ,σ and HilbX/Y of the Introdution were dened on
the ategory l whose objets are loal artinian k-algebras S with residue eld k and whose morphisms
are homomorphisms of loal rings over k. Assoiated to (1) there is also another loal deformation
funtor on l:
DefX/Y,ξ(S) = {
(
XS ⊂ YS , ξS) | (XS ⊂ YS) ∈ HilbX/Y (S) and ξS ⊗S k = ξ
}
where YS := Y × S (we shortly write Y × S for Y × Spec(S)), LS := OYS ⊗OY L and ξS ∈
Ext1(IXS/YS ⊗ LS ,OYS ). Now Theorem 1 follows easily from the following basi result about the
relationship of dimensions and the sheme strutures in the Serre orrespondene.
Theorem 3. Let Y ⊂ Pn be loally CM and equidimensional of dimension dimY ≥ 2 suh that
H0(OY ) ≃ k and H
i(OY ) = 0 for i = 1, 2. Moreover suppose there exists an exat sequene (1)
where X is equidimensional and loally CM of odimension 2 in Y and IX/Y = ker(OY → OX).
Then
(a) Ext1(IX/Y ⊗ L,F) is the tangent spae of DefF ,σ and Ext
2(IX/Y ⊗ L,F) ontains the ob-
strutions of deforming (F , σ). Moreover DefF ,σ ≃ DefX/Y,ξ are isomorphi on l and
(i) p : DefF ,σ → DefF is smooth (i.e. formally smooth) provided H
1(F) = 0, and
(ii) q : DefF ,σ → HilbX/Y is smooth provided Ext
2
OY
(F ,OY ) = 0.
(b) Suppose H1(F) = 0, Ext2OY (F ,OY ) = 0, and that ωY is invertible. Then
ext1(F ,F) − hom(F ,F) + h0(F) = h0(NX/Y )− 1 + h
0(ωX ⊗ ω
−1
Y ⊗L
−1)−
2∑
i=0
(−1)ihi(L−1).
Suppose in addition that F is stable and H i(L−1) = 0 for i = 0, 1, 2. Then
dim(F)MY(P ) + h
0(F) = dim(X)Hilb
p(Y ) + h0(ωX ⊗ ω
−1
Y ⊗ L
−1).
It follows that MY(P ) is smooth at (F) if and only if Hilb
p(Y ) is smooth at (X). Furthermore F is a
generi sheaf of some omponent of MY(P ) if and only if X is generi in a orresponding omponent
of Hilbp(Y ).
Remark 4. Under the assumptions of Theorem 3 (a), we get that H1(F) ≃ H1(IX/Y ⊗ L) and
Ext2OY (F ,OY ) ≃ Ext
2(IX/Y ⊗L,OY ) by using (1). Moreover, if the dualizing sheaf ωY is invertible
(i.e. Y loally Gorenstein), then
Ext2OY (F ,OY )
∨ ≃ HdimY−2(F ⊗ ωY ) and Ext
2(IX/Y ⊗ L,OY )
∨ ≃ HdimY−2(IX/Y ⊗L⊗ ωY ).
5
In the ase Y is loally Gorenstein and the immersion Y →֒ Pn indues an isomorphism Z =
Pic(Pn) ≃ Pic(Y ), we will use this isomorphism to look upon the rst Chern lass c1 as an integer,
i.e. L ≃ ∧2F = OY (c1). Moreover put ωY = OY (e). By Remark 4 Theorem 3 immediately implies
Theorem 5. Suppose Y ⊂ Pn is loally Gorenstein and equidimensional of dimension dimY ≥ 2
suh that H0(OY ) ≃ k, H
i(OY ) = 0 for i = 1, 2 and Pic(P
n) ≃ Pic(Y ). Moreover we suppose there
is an exat sequene of OY -Modules
ξ ; 0→ OY
σ
−→ F → IX/Y (c1)→ 0 (7)
where X is equidimensional and loally CM of odimension 2 in Y and IX/Y = ker(OY → OX).
Then Ext1(IX/Y (c1),F) is the tangent spae of DefF ,σ and Ext
2(IX/Y (c1),F) ontains the obstru-
tions of deforming (F , σ). Moreover
(i) p : DefF ,σ → DefF is smooth provided H
1(IX/Y (c1)) = 0 , and
(ii) q : DefF ,σ → HilbX/Y is smooth provided H
dimY−2(IX/Y (c1 + e)) = 0 .
Furthermore if H i(OY (−c1)) = 0 for i = 0, 1, 2, H
1(IX/Y (c1)) = 0, H
dimY−2(IX/Y (c1 + e)) = 0
and F is a stable sheaf, then
ext1(F ,F) + h0(F) = h0(NX/Y ) + h
0(ωX(−c1 − e)) , and
dim(F) MY(P ) + h
0(F) = dim(X)Hilb
p(Y ) + h0(ωX(−c1 − e)).
Finally F is a generi sheaf of some omponent of MY(P ) if and only if X is generi in a orre-
sponding omponent of Hilbp(Y ).
Somehow we may look upon the theorem as the Hartshorne-Serre orrespondene for at families.
We don't, however, need F to be reexive (only torsionfree as one may easily dedue from (7)).
We shortly return to the proof of Theorem 3. Firstly we give an example to see that onditions
as in Theorem 5 are neessary for omparing the struture of H(d, g) and MP3(c1, c2, c3), while the
same example twisted leads to a non-redued omponent of MP3(c1, c2, c3) one the onditions of
the theorem are satised. Below we will need the following result ([21℄, Prop. 3.2). Let C and X be
two spae urves whih are algebraially linked by a omplete intersetion of two surfaes of degrees
f and g (a .i. of type (f, g)), see [31℄ for the theory on linkage. If we suppose
H1(IC(v)) = 0 for v = f, g, f − 4 and g − 4, (8)
then C is unobstruted (resp. generi) i X is unobstruted (resp. generi), and we have
dim(C) H(d, g) + h
0(IC(f)) + h
0(IC(g)) = dim(X) H(d
′, g′) + h0(IX(f)) + h
0(IX(g)).
Example 6. The generi urve C of Mumford's well-known example of a non-redued omponent
of H(14, 24) satises H1(IC(v)) = 0 for v 6= 3, 4, 5 ([37℄). Moreover there is a .i. of type (6, 6)
ontaining C whose linked urve is smooth. Hene by the result mentioned in (8) the linked urve
is the general urve X of a non-redued omponent of H(22, 56) of dimension 88. We leave to the
reader to verify that X is subanonial (ωX ≃ OX(5)) and satises H
1(IX(v)) = 0 for v 6= 3, 4, 5.
(a) If we take a general element of H0(OX) ≃ H
0(ωX(−5)) ≃ Ext
1(IX ,OP3(−9)), we get an
extension
ξ ; 0→ OP3
σ
−→ E → IX(9)→ 0 (9)
in whih E is a stable vetor bundle with c1 = 9 and c1(E(−5)) = −1, c2(E(−5)) = 2. It is well
known that MP3(−1, 2, 0) is smooth [16℄, i.e. E is unobstruted while X is obstruted. The assumption
H1(IX(c1+e)) = 0 of Theorem 5 is, however, not satised. Indeed H
1(IX(c1+e)) = H
1(IX(5)) 6= 0.
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(b) If we take a general global setion of OX(3) ≃ ωX(−2) we get an extension
ξ ; 0→ OP3
σ
−→ F → IX(6)→ 0 (10)
in whih F is a stable reexive sheaf belonging to MP3(6, 22, 66) ≃ MP3(0, 13, 66). Sine all assump-
tions of Theorem 5 are satised, we onlude that F is the general point of a non-redued omponent
of MP3(0, 13, 66) of dimension −h
0(F) + dim(X) H(22, 56) + h
0(ωX(−2)) = −8 + 88 + 21 = 101.
Note that we in this ase have ed(F) = 8c2 − 2c
2
1 − 3 = 101, i.e. the omponent is non-redued of
the least possible dimension.
Example 7. Here we apply Theorem 5 diretly to Mumford's example of a generi obstruted urve
C ∈ H(14, 24).
(a) If we take a general element of H0(ωC(2)) ≃ Ext
1(IC ,OP3(−2)), we get an extension
ξ ; 0→ OP3
σ
−→ F → IC(2)→ 0 (11)
in whih F is a stable reexive sheaf with c1 = 2 and c1(F(−1)) = 0, c2(F(−1)) = 13. The
assumptions H1(IC(c1)) = 0, H
1(IC(c1−4)) = 0 of Theorem 5 are satised and we get a non-redued
omponent of MP3(0, 13, 74) of dimension −h
0(F)+dim(C)H(14, 24) +h
0(ωC(2)) = −1+56+51 =
106.
(b) If we take a general global setion of H0(ωC(3)) ≃ Ext
1(IC ,OP3(−1)) we get by Theorem 5
(with c1 = 1) an extension where F is a stable reexive sheaf belonging to a non-redued omponent
of MP3(1, 14, 88) ≃ MP3(−1, 14, 88) of dimension −1 + 56 + 65 = 120.
() If we take a general global setion of H0(ωC(−2)) ≃ Ext
1(IC ,OP3(−6)) we get by Theorem 5
(with c1 = 6) an extension where F is a semistable obstruted reexive sheaf belonging to the moduli
spae of semistable sheaves MP3(6, 14, 18) ≃ MP3(0, 5, 18). Even though F is obstruted, i.e. the hull
of the loal deformation funtor is singular, we don't yet know the hulls preise relationship to the
loal ring OM,(F) of MP3(0, 5, 18) at (F) and we are not able to state whether OM,(F) is singular or
not.
Proof (of Theorem 3). (a) Using Laudal's results ([24℄) for the loal deformation funtor of deforming
a ategory, we laim that Ext1(IX/Y ⊗ L,F) is the tangent spae of DefF ,σ and that Ext
2(IX/Y ⊗
L,F) ontains the obstrutions of deforming (F , σ). Indeed by [25℄, 2 there is a spetral sequene
Ep,q2 = lim
←−
(p)


Extq(F ,F) Extq(OY ,OY )
ցα
q
ւ
Extq(OY ,F)


onverging to an algebra ohomology group A(.) for whih A1 is the tangent spae of DefF ,σ and A
2
ontains the obstrutions of deforming (F , σ). Sine Ep,q2 = 0 for p ≥ 2, we get the exat sequene
0→ E1,q−12 → A
q → E0,q2 → 0 .
Moreover Extq(OY ,OY ) = 0 for 0 < q < 3 by the assumption H
i(OY ) = 0 for i = 1, 2, and
we get E0,q2 = kerα
q
and E1,q2 = cokerα
q
for q > 0. Observe also that E1,02 = cokerα
0
beause
k ≃ H0(OY ) ≃ Hom(OY ,OY ) ⊆ Hom(F ,F). We therefore have an exat sequene
0→ cokerαq−1 → Aq → kerαq → 0
for any q > 0. Combining with the long exat sequene
→ Hom(F ,F)
α0
−→ H0(F)→ Ext1(IX/Y ⊗ L,F)
p1
−→ Ext1(F ,F)
α1
−→ (12)
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H1(F)→ Ext2(IX/Y ⊗ L,F)
p2
−→ Ext2(F ,F)
α2
−→ H2(F)
dedued from 0→ OY → F → IX/Y ⊗ L → 0 , we get the laim.
(i) From (12) and the proven laim whih leads to the fat that p1 (resp. p2) is the tangent
map (resp. a map of obstrution spaes, mapping obstrutions to obstrutions) of p, we get the
smoothness of p sine p1 is surjetive and p2 is injetive. We will, however, give an independent
proof whih one may use (slightly hanged) to prove the remark below.
Let (T,mT ) → (S,mS) be a small Artinian surjetion (i.e. of loal Artinian k-algebras with
residue elds k whose kernel a satises a ·mT = 0). To prove the (formal) smoothness of p, we must
by denition show that the map
DefF ,σ(T )→ DefF ,σ(S)×DefF (S) DefF (T )
is surjetive. Let σS : OY×S → FS be a deformation of σ to S and let FT be a deformation of FS
to T . It sues to nd a map σT : OY×T → FT suh that σT ⊗T idS = σS , i.e. we must prove that
H0(FT )→ H
0(FS) is surjetive. Taking global setions of the short exat sequene
0→ F ⊗k a ≃ FT ⊗T a→ FT → FS → 0 ,
we get the surjetivity beause H1(F)⊗k a = 0.
(ii) Again we have a long exat sequene
→ Ext1(IX/Y ⊗ L,OY )→ Ext
1(IX/Y ⊗ L,F)
q1
−→ Ext1(IX/Y ⊗ L,IX/Y ⊗ L)→ (13)
Ext2(IX/Y ⊗ L,OY )→ Ext
2(IX/Y ⊗ L,F)
q2
−→ Ext2(IX/Y ⊗ L,IX/Y ⊗ L)→
ontaining maps q1 (resp. q2) whih we may interpret as the tangent map (resp. a map of obstrution
spaes, whih maps obstrutions to obstrutions) of q. Indeed sine Ext1(IX/Y ,IX/Y ) ≃ NX/Y and
Hom(IX/Y ,IX/Y ) ≃ OY , the assumption H
i(OY ) = 0 for i = 1, 2 and the spetral sequene
relating global and loal Ext-groups show Ext1(IX/Y ,IX/Y ) ≃ H
0(NX/Y ) and the injetivity of
Ext2(IX/Y ,IX/Y ) →֒ H
1(NX/Y ) (see [43℄, the ase Y = P
3
was in fat proved in [19℄), as well as
Exti(IX/Y ⊗ L,IX/Y ⊗ L) ≃ Ext
i(IX/Y ,IX/Y ) (14)
for i = 1, 2. Hene we get the smoothness of q beause q1 is surjetive and q2 is injetive by the
assumption Ext2(IX/Y ⊗ L,OY ) ≃ Ext
2(F ,OY ) = 0. We will, however, again give an independent
proof using the denition of smoothness.
Let T → S, a and σS : OY×S → FS be as in the proof of (i) above. Let GS = coker σS and let GT
be a deformation of GS to T . By the theory of extensions it sues to show that the natural map
Ext1(GT ,OY×T )→ Ext
1(GS ,OY ×S)
is surjetive. Modulo isomorphisms we rend this map in the middle of the long exat sequene
→ Ext1(GT ,OY×T ⊗T a)→ Ext
1(GT ,OY×T )→ Ext
1(GT ,OY×S)→ Ext
2(GT ,OY×T ⊗T a) (15)
Sine Ext2(GT ,OY ×T ⊗T a) ≃ Ext
2(IX/Y ⊗L,OY )⊗k a = 0 by assumption we get the smoothness.
To see that DefF ,σ(S) ≃ DefX/Y,ξ(S) are isomorphi, take a deformation OY×S
σS−→ FS of
OY
σ
−→ F . Sine FS is at, so are coker σS and (coker σS) ⊗OYS (OYS ⊗OY L
−1). The former
ts into a short exat sequene starting with 0 → OY×S
σS−→ FS , i.e. we get an extension ξS
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satisfying ξS ⊗S k = ξ. The latter is a at deformation of IX/Y . Thanks to the isomorphism
Ext1(IX/Y ,IX/Y ) ≃ H
0(NX/Y ) and the injetivity Ext
2(IX/Y ,IX/Y ) →֒ H
1(NX/Y ) above, one
knows that a deformation of IX/Y denes a deformation of X in Y , i.e. we get an element (XS ⊂
YS) ∈ HilbX/Y (S) and hene we get (XS ⊂ YS , ξS) ∈ DefX/Y,ξ(S). This denes a map DefF ,σ(S)→
DefX/Y,ξ(S). Sine the morphism the other way is just an obvious forgetful map, we get a funtorial
isomorphism DefF ,σ(S) ≃ DefX/Y,ξ(S), as laimed in the Theorem.
(b) To prove the rst dimension formula, we ontinue (12) to the left. Using H1(F) = 0 we get
1∑
i=0
(−1)i+1 exti(IX/Y ⊗ L,F) = ext
1(F ,F) − hom(F ,F) + h0(F)
while (13) (ontinued), Ext2(F ,OY ) = 0, Hom(IX/Y ,IX/Y ) ≃ OY and (14) show
1∑
i=0
(−1)i+1 exti(IX/Y ⊗L,F) = ext
1(IX/Y ,IX/Y )− 1 +
1∑
i=0
(−1)i+1 exti(IX/Y ⊗ L,OY ).
Sine Ext1(IX/Y ,IX/Y ) ≃ NX/Y it remains to show
∑1
i=0(−1)
i+1 exti(IX/Y ⊗ L,OY ) = h
0(ωX ⊗
ω−1Y ⊗ L
−1)−
∑2
i=0(−1)
ihi(L−1). Sine Hom(IX/Y ⊗ L,OY ) ≃ L
−1
, Ext1(IX/Y ,OY ) ≃ ωX ⊗ ω
−1
Y
and Ext2(IX/Y ⊗ L,OY ) = 0 (Remark 4), we get hom(IX/Y ⊗ L,OY ) = h
0(L−1) and
ext1(IX/Y ⊗ L,OY ) = h
0(ωX ⊗ ω
−1
Y ⊗ L
−1) + h1(L−1)− h2(L−1)
by the spetral sequene relating global and loal Ext-groups, and we get the rst dimension formula.
Finally to see the last dimension formula and the generiness property, let U ⊂ Hilbp(Y ) be a
small enough open smooth onneted subsheme ontaining (X) and let IXU/YU be the sheaf ideal
of XU ⊂ YU := Y × U , the universal objet of Hilb
p(Y ) restrited to U . Let LU := L ⊗OY OY×U .
Looking to (13) whih takes the form
0→ H0(OY )→ Ext
1(IX/Y ⊗ L,OY )→ Ext
1(IX/Y ⊗ L,F)
q1
−→ Ext1(IX/Y ,IX/Y )→ 0 (16)
and realling that q1 is the tangent map of q : DefF ,σ → HilbX/Y and that q is smooth, we an look
upon the ber of q as Ext1(IX/Y ⊗L,OY )/k. In the same way sine F is stable and hene simple we
an use the exat sequene (12) to see that the ber of p is isomorphi to H0(F)/k. Hene we get the
seond dimension formula sine the funtor DefF is prorepresented by the ompletion of the loal ring
ofMY(P ) at (F) ([17℄, Thm. 4.5.1). More preisely the family D := P(Ext
1(IXU/YU⊗LU ,OYU )
∨)→
U parametrizes exatly extensions as in (1) over U and the denition of a moduli spae implies the
existene of a morphism p : D → MY(P ) whose orresponding loal homomorphism at (F , σ) and
(F) indues p. Note that p is smooth at(X ⊂ Y, ξ) and hene maps the generi point of D onto a
generi point of MY(P ). This also proves that F is a generi sheaf of some omponent of MY(P ) if
and only if X is generi in a orresponding omponent of Hilbp(Y ) and we get all onlusions of in
the Theorem.
Remark 8. (a) Suppose Y is ACM and let B := H0∗ (OY ). Applying H
0
∗ (−) onto (1) we get an
exat sequene
0→ B
H0∗(σ)−→ F → coker(H0∗ (σ))→ 0
induing a long exat sequene (*) as in (12) in whih we have replaed the global Ext-groups of
sheaves with the orresponding graded 0Ext-groups. Similar to DefF (resp. DefF ,σ) we may dene
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loal deformation funtors DefF (resp. DefF,H0∗(σ)) on l of at graded deformations FS of F (resp.
B ⊗k S
H0∗(σ)−→ FS of B
H0∗(σ)−→ F ). There is a natural forgetful map p0 : DefF,H0∗(σ) → DefF whose
tangent map ts into (*) and orresponds to p1 in (12). Sine 0Ext
1(B,F ) = 0 in (*), it follows
that
p0 : DefF,H0∗(σ) → DefF
is smooth by the rst (i.e. the ohomologial) proof of Theorem 3 (i) above.
(b) Suppose Y is ACM and 0HomB(F,M) = 0. Then we laim that DefF ≃ DefF . Indeed by (5)
0→ 0Ext
1
B(F,F )→ Ext
1
OY
(F ,F)→ 0Ext
2
m
(F,F )→ 0Ext
2
B(F,F )→ Ext
2
OY
(F ,F)
is exat and 0Ext
2
m
(F,F ) = 0HomB(F,M) by (3). Hene we get the laim by the same ohomologial
argument as used in Theorem 3 (i) above. In the same way (or diretly) we an prove that DefF ,σ ≃
DefF,H0∗(σ). It follows that the morphism p : DefF ,σ → DefF of Theorem 3 is smooth.
3 Reexive sheaves on P
3
of small diameter
As an appliation we onentrate onMY(c1, c2, c3) with Y = P
3
. Realling the notion F = H0∗ (F) :=
⊕H0(F(v)), M = H1∗ (F) and E = H
2
∗ (F), we have
Theorem 9. Let F be a reexive sheaf of rank 2 on P3, and suppose either
(i) vHomR(F,M) = 0 for v = 0 and v = −4 , or
(ii) vHomR(M,E) = 0 for v = 0 and v = −4 , or
(iii) 0HomR(F,M) = 0 , 0HomR(M,E) = 0 and that
M is unobstruted as a graded module (e.g. 0Ext
2
R(M,M) = 0).
Then F is unobstruted. Moreover if 0Ext
i
R(M,M) = 0 for i ≥ 2 and F is stable, then MP3(c1, c2, c3)
is smooth at (F) and its dimension at (F) is
dim(F)MP3(c1, c2, c3) = ed(F) + −4homR(F,M) + −4homR(M,E) + 0homR(F,E) .
Furthermore −4homR(M,E) = 0ext
1
R(F,M) and −4homR(M,E) + 0homR(F,E) = −4ext
1
R(F,F ).
Note that Theorem 9 applies to prove unobstrutedness if M = 0 (this ase is known by [33℄).
The natural appliation of Theorem 9 is to sheaves whose graded modules M are onentrated in
a few degrees, e.g. diamM ≤ 2. For suh modules we an prove more, namely that the suient
onditions of unobstrutedness of Theorem 9 are quite lose to being neessary onditions. Indeed
if the diameter of M is one, they are neessary! Moreover in suh ases a minimal resolution of F
is often suient for omputing the Hom-groups in the theorem (see also Lemma 12 below).
To nd neessary onditions we onsider the up produt or more preisely its images in
0HomR(F,E), −4HomR(F,M)
∨
and −4HomR(M,E)
∨
via some natural maps, f. [47℄, [10℄, [23℄
and [26℄, §2. Here we only inlude the up produt fatorization given by (a) and hene (b)(i) below,
for whih there is a proof in [23℄, Prop. 3.6 of the orresponding result for urves using Walter's
fatorization of α in (6). We remark that this result for urves, to our knowledge now, was rst
proved by Fløystad (an easy onsequene of Prop. 2.13 of [10℄). For similarly generalizing the ases
(ii) and (iii) of (b) we refer to [23℄, Prop. 3.8. Note that the neessary onditions in (b) apply to
many other sheaves than to those of diameter one (i.e. those with M ′ = 0), e.g. they apply to
Buhsbaum sheaves and to sheaves obtained by liaison addition of urves.
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Proposition 10. Let F be a reexive sheaf of rank 2 on P3 and suppose 0Ext
2
R(M,M) = 0.
(a) If the natural morphism
0HomR(F,M)× 0HomR(M,E) −→ 0HomR(F,E)
(given by the omposition) is non-zero, then F is obstruted.
(b) Suppose M admits a deomposition M = M ′ ⊕M[t] as R-modules where the diameter of M[t] is
one and supported in degree t. Then F is obstruted provided
(i) 0HomR(F,M[t]) 6= 0 and 0HomR(M[t], E) 6= 0 , or
(ii) −4HomR(F,M[t]) 6= 0 and 0HomR(M[t], E) 6= 0 , or
(iii) 0HomR(F,M[t]) 6= 0 and −4HomR(M[t], E) 6= 0 .
Proof (of Theorem 9 and Proposition 10). To prove the results we may replae F by F(j) for j >> 0
beause, for both results, the assumptions as well as the onlusions hold for F i they hold for F(j).
In partiular we may assumeH1(F(v)) = 0 for v ≤ 0 and hene Ext2(F ,OP3)
∨ ≃ H1(F(−4)) = 0. It
follows that the maps p and q of Theorem 3 are smooth. From the Hartshorne-Serre orrespondene
we get an exat sequene
0→ R→ F → IX(c1)→ 0
whih implies M = H1∗ (F) ≃ H
1
∗ (IX(c1)). We also get the exat sequene
0→ E = H2∗ (F)→ H
2
∗ (IX(c1))→ H
3
∗ (OP3).
Using these sequenes and H1(IX(c1 + v)) = 0 for v ≤ 0 we get
vHomR(F,M) ≃ vHomR(IX ,H
1
∗ (IX)) and vHomR(M,E) ≃ vHomR(H
1
∗ (IX),H
2
∗ (IX)) (17)
for −4 ≤ v ≤ 0 beause vHomR(R,M) = 0 and vHomR(M,H
3
∗ (OP3)) ≃ vExt
4
m
(M,R) ≃M∨−v−4 = 0
by (3) and (4). Now reall that we in [23℄ proved results similar to Theorem 9 and Proposition 10
for the unobstrutedness (resp. obstrutedness) of X with the dierene that the Hom-groups,
vHomR(H
i
∗(F),H
i+1
∗ (F)) for F were exhanged by the orresponding groups, vHomR(H
i
∗(IX),H
i+1
∗ (IX))
for IX . Therefore (17) and Theorem 3 show that F is unobstruted in Theorem 9 (resp. obstruted
in Proposition 10) beause X is orrespondingly unobstruted (resp. obstruted) by the results of
[23℄, Thm. 2.6 (resp. Prop. 3.6 and Thm. 3.2) and Remark 11 below.
To prove the dimension formula we suppose 0Ext
i
R(M,M) = 0 for 2 ≤ i ≤ 4. With this
assumption the map α in (6) is zero by Walter's observation. Note that there is a orresponding
onneting map α(N1, N2) : 0Ext
2
m
(N1, N2) → 0Ext
2
R(N1, N2) appearing in (5). Indeed α =
α(IX , IX). We laim that α(F,F ) = 0. To see it we use the funtoriality of the sequene (5) and
α = 0. Sine the natural map 0Ext
2
R(IX(c1), F )→ 0Ext
2
R(IX(c1), IX (c1)) is an isomorphism by
0Ext
2
R(IX(c1), F )
∨ ≃ −4Ext
2
m
(F, IX(c1)) ≃ −4HomR(F,M),
0Ext
2
R(IX(c1), IX(c1))
∨ ≃ −4Ext
2
m
(IX , IX) ≃ −4HomR(IX ,H
1
∗ (IX))
and (17), we get α(IX (c1), F ) = 0. In the same way the natural map 0Ext
2
m
(IX(c1), F )→ 0Ext
2
m
(F,F )
is an isomorphism by (5) (i.e. both groups are naturally dual to −4HomR(F,M) by (4)) and we get
the laim from α(IX(c1), F ) = 0. Now using the fat that the projetive dimension of F is 2, the
proven laim and (5), we get an exat sequene
0→ 0Ext
2
R(F,F )→ Ext
2
OP
(F ,F) → 0Ext
3
m
(F,F )→ 0. (18)
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As above 0Ext
2
R(F,F )
∨ ≃ −4HomR(F,M) and similarly 0Ext
3
m
(F,F )∨ ≃ −4Ext
1
R(F,F ) by (4). We
get ext2
OP
(F ,F) = −4homR(F,M) + −4ext
1
R(F,F ). Using (3) we get an exat sequene
0→ 0Ext
1
R(F,M)→ 0Ext
3
m
(F,F )→ 0HomR(F,E)→ 0Ext
2
R(F,M)→ (19)
and hene −4ext
1
R(F,F ) = 0ext
1
R(F,M) + 0homR(F,E) beause
0Ext
2
R(F,M) ≃ −4Ext
2
m
(M,F )∨ ≃ −4HomR(M,M)
∨ ≃ 0Ext
4
m
(M,M) ≃ 0Ext
4
R(M,M) = 0. (20)
By the arguments of (20) we also get −4Ext
1
R(M,M)
∨ ≃ 0Ext
3
R(M,M) = 0 and
0ext
1
R(F,M) = −4ext
3
m
(M,F ) = −4homR(M,E)
and putting things together we are done.
Remark 11. Thm. 2.6(iii) of [23℄ atually proves a slightly weaker statement than needed to prove
Theorem 9(iii). However, putting dierent results of e.g. [23℄ together we get what we want. Indeed
we laim that a urve X ⊂ P3 is unobstruted provided
0HomR(IX ,H
1
∗ (IX)) = 0 , 0HomR(H
1
∗ (IX),H
2
∗ (IX)) = 0 , (21)
and H1∗ (IX) is unobstruted as a graded module (e.g. 0Ext
2
R(H
1
∗ (IX),H
1
∗ (IX)) = 0). This
is mainly a onsequene of results proven in [27℄ by Martin-Deshamps and Perrin. Indeed their
smoothness theorem for the morphism from the Hilbert sheme of onstant ohomology, H(d, g)cc,
onto the sheme of Rao modules (Thm.1.5, p. 135) ombined with their tangent spae desriptions
(pp. 155-156), or more preisely ombined with Prop. 2.10 of [23℄ whih states that the vanishing of
the two Hom-groups in (21) leads to an isomorphism H(d, g)cc ≃ H(d, g) at (X), we onlude easily.
We an ompute the number 0homR(F,E) in terms of the graded Betti numbers βj,i of F ;
0→
⊕
i
R(−i)β3,i →
⊕
i
R(−i)β2,i →
⊕
i
R(−i)β1,i → F → 0 (22)
(sheafying, we get the resolution of F in the introdution), by using the following result.
Lemma 12. Let F be a reexive sheaf of rank 2 on P3, and suppose −4HomR(F,F ) = 0. Then
0homR(F,E) =
∑
i
(β1,i − β2,i + β3,i) · (h
2(F(i)) − h3(F(i))) .
Proof. Reall E := H2∗ (F) ≃ H
3
m
(F ). If we apply vHomR(−, E) to the minimal resolution (22) we
get a omplex
0→ 0HomR(F,H
2
∗ (F))→
⊕
i
H2(F(i))β1,i →
⊕
i
H2(F(i))β2,i →
⊕
i
H2(F(i))β3,i → 0 . (23)
Sine the alternating sum of the dimension of the terms in a omplex equals the alternating sum
of the dimension of its homology groups, it sues to show 0Ext
1
R(F,E) = 0, 0Ext
2
R(F,E) ≃
0HomR(F,H
3
∗ (F)) and that
0homR(F,H
3
∗ (F)) =
∑
i
(β1,i − β2,i + β3,i) · h
3(F(i)). (24)
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Using (3) and that 0Ext
4
m
(F,F ) ≃ −4HomR(F,F )
∨ = 0 by assumption, we get 0Ext
1
R(F,H
3
m
(F )) = 0
and an exat sequene
0→ 0HomR(F,H
4
m
(F ))→ 0Ext
2
R(F,H
3
m
(F ))→ 0Ext
5
m
(F,F )→ 0Ext
1
R(F,H
4
m
(F ))→ 0.
Sine we have 0Ext
5
m
(F,F ) = 0 the proof is omplete provided we an show (24). To show it, it is
suient to see that (23), with H2 replaed by H3, is exat. Sine we have 0Ext
i
m
(F,F ) = 0 for
i = 5, 6 by duality, we get 0Ext
i
R(F,H
4
m
(F )) = 0 for i = 1, 2 by (3) and we are done.
Remark 13. For later use we remark that if we apply 0homR(−,M), M = H
1
∗ (F) to (22) we get
2∑
i=0
(−1)i 0ext
i(F,M) =
∑
i
(β1,i − β2,i + β3,i) · h
1(F(i)) , (25)
f. (23). Suppose F is reexive and −4HomR(F,F ) = 0. Using (3) as in (19) and the proof above
we get
∑3
i=2(−1)
i
0ext
i
m
(F,F ) =
∑2
i=0(−1)
i
0ext
i(F,M)− 0homR(F,E). Hene we have
3∑
i=2
(−1)i 0ext
i
m
(F,F ) =
∑
i
(β1,i − β2,i + β3,i) · (h
1(F(i)) − h2(F(i)) + h3(F(i))).
It is easy to substitute the non-vanishing of the Hom-groups of Theorem 9 by the non-triviality
of ertain graded Betti numbers in the minimal resolution of F . Indeed we have
Theorem 14. Let F be a reexive sheaf of rank 2 on P3 and suppose M 6= 0 is of diameter 1 and
onentrated in degree c. Then F is obstruted if and only if
β1,c · β2,c+4 6= 0 or β1,c+4 · β2,c+4 6= 0 or β1,c · β2,c 6= 0 .
Moreover if F is an unobstruted stable sheaf and M is r-dimensional, then the dimension of the
moduli sheme MP3(c1, c2, c3) at (F) is
dim(F)MP3(c1, c2, c3) = ed(F) + 0homR(F,E) + r(β1,c+4 + β2,c).
Before proving Theorem 14, we remark that we have the following result
Proposition 15. Let F be a reexive sheaf of rank 2 on P3 and suppose M 6= 0 is of diameter 1.
Then F is obstruted i (at least) one of the following onditions hold
(a) 0HomR(F,M) 6= 0 and 0HomR(M,E) 6= 0 ,
(b) −4HomR(F,M) 6= 0 and 0HomR(M,E) 6= 0 ,
(c) 0HomR(F,M) 6= 0 and −4HomR(M,E) 6= 0 .
Indeed if F is unobstruted, then it is a simple reformulation of Theorem 9 to see that we have
either (a) or (b) or (). The onverse follows immediately from Proposition 10 by letting M ′ = 0.
Proof (of Theorem 14). By applying vHomR(−,M) to the minimal resolution (22) we get
0homR(F,M) = rβ1,c and −4homR(F,M) = rβ1,c+4 . (26)
beause m ·M = 0 and ⊕iR(−i)
β3,i = R(−c − 4)r. Moreover −v−4Ext
1
R(F,M)
∨ ≃ vHomR(M,E).
Interpreting −v−4Ext
1
R(F,M) similarly via the minimal resolution (22) of F , we get
0homR(M,E) = rβ2,c+4 and −4homR(M,E) = rβ2,c . (27)
Sine r 6= 0, we get the unobstrutedness riterion and the dimension formula of Theorem 14 from
Proposition 15 and Theorem 9.
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Theorem 16. Every irreduible omponent ofMP3(c1, c2, c3) whose generi sheaf F satises diamM ≤
1 is redued (i.e. generially smooth).
Proof. By replaing F by F(j) for j >> 0 (f. rst part of the proof of Theorem 9), we an use
the Hartshorne-Serre orrespondene to get a orresponding urve X suh that all assumptions of
Theorem 5 are satised. Hene X is generi and diamH1∗ (IX) ≤ 1. Sine it is proved in [23℄, Cor.
4.3 that a generi urve X of diameter at most one is unobstruted, it follows by Theorem 5 that F
is unobstruted, i.e. the orresponding omponent MP3(c1, c2, c3) is generially smooth and we are
done.
Example 17. Using some results of Chang on Ω-resolutions of Buhsbaum urves ([2℄ or [47℄, Thm.
4.1), one shows that there exists a smooth onneted urve X of diameter 1 satisfying h0(IX(e)) = 1,
h1(IX(e)) = r, h
1(OX(e)) = b, h
1(OX (v)) = 0 for v > e and with e = 1 + b+ 2r and Ω-resolution
0→ OP(−2)
3r−1 ⊕OP(−4)
b → OP ⊕ Ω
r ⊕OP(−3)
b−1 → IX(e)→ 0 (28)
for any pair (r, b) of positive integers (f. [23℄, Ex. 3.12). Moreover the degree and genus of X is
d =
(e+4
2
)
− 3r − 7 and g = (e+ 1)d−
(e+4
3
)
+ 5. Realling that Ω orresponds to the rst syzygy in
the Koszul resolution of the regular sequene {X0,X1,X2,X3}, we get an exat sequene
0→ OP(−4)→ OP(−3)
4 → OP(−2)
6 → Ω→ 0
Hene we an use the mapping one onstrution to show that there is a resolution
0→ OP(−4)
r → OP(−4)
b ⊕OP(−3)
4r ⊕OP(−2)
3r−1 → OP(−2)
6r ⊕OP ⊕OP(−3)
b−1 → IX(e)→ 0
(29)
where we possibly may skip the fator OP(−2)
3r−1
(and redue OP(−2)
6r
to OP(−2)
3r+1
) to get a
minimal resolution. Instead of looking into this problem, we will illustrate [23℄, Thm. 4.1, whih
makes a deformation theoreti improvement to a theorem of Rao ([39℄ Thm. 2.5). Indeed sine
the omposition of the leftmost non-trivial map in (29) with the projetion onto OP(−2)
3r−1
is zero
(by Rao's theorem), there is by [23℄, Thm. 4.1 a deformation with onstant ohomology and Rao
module to a urve X ′ whih makes OP(−2)
3r−1
redundant (no matter whether the original fator
was redundant or not)! So we ertainly may skip the fator OP(−2)
3r−1
(and redue OP(−2)
6r
to
OP(−2)
3r+1
), at least after a deformation.
Now, by the Hartshorne-Serre orrespondene there is a reexive sheaf F given by
0→ OP
σ
−→ F → IX′(e+ 4)→ 0. (30)
whih ombined with the Horseshoe lemma [49℄ leads to the following minimal resolution of F ,
0→ OrP → O
b
P ⊕OP(1)
4r → OP(2)
3r+1 ⊕OP(4) ⊕OP(1)
b−1 ⊕OP → F → 0 . (31)
Note that h1(F(−4)) = h1(IX(e)) = r, i.e. the number c of Theorem 14 is c = −4. From (31) we
see that β2,0 = b 6= 0 and β1,−4 = 1. By Theorem 14, F is obstruted.
Computing Chern lasses ci of F we get c1 = e + 4, c2 = d =
(c1
2
)
− 3r − 7 and c3 =
(c1
3
)
−(c1
2
)
(3r + 7) + 6r + 22. The simplest ase is (r, b) = (1, 1), whih yields a reexive sheaf F whose
normalized sheaf F(−4) is semistable and with Chern lasses (c′1, c
′
2, c
′
3) = (0, 2, 4) (the orresponding
urve X has d = 18, g = 39 and is Sernesi's example of an obstruted urve, [41℄ or [5℄, see also [36℄
whih thoroughly studies MP3(0, 2, 4) and [35℄ whih uses Sernesi's example to show the existene of
a stable rank 3 obstruted vetor bundle). For (r, b) 6= (1, 1), then e > 4 and we see easily that the
sheaves onstruted above are stable. If (r, b) = (2, 1), then the normalized sheaf has Chern lasses
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(c′1, c
′
2, c
′
3) = (0, 7, 24) while (r, b) = (1, 2) yields stable sheaves with (c
′
1, c
′
2, c
′
3) = (−1, 6, 22). One
may show that all urves orresponding to the sheaves of the ase (r, 1) satisfy h1(NX) = 1. The
ideal of the loal ring of H(d, g) at (X) is generated by a single element, whih is irreduible for
r > 1. Indeed the ase (r = 1) orresponds to a sheaf whih sits in the intersetion of two irreduible
omponents of MP3(c1, c2, c3), while for r > 1, the irreduibility of an be used to see that (F) belongs
to a unique irreduible omponent of MP3(c1, c2, c3).
In the examples 6 and 7 the diameter of M of the obstruted generi sheaves is 3. Combining
the results of this paper with the large number of non-redued omponents one may nd in [20℄
we an easily produe similar examples for every diamM ≥ 3. Indeed, as is well known, a smooth
ubi surfae X ⊂ P3 satises Pic(X) ≃ Z⊕7. It follows from the main theorem of [20℄ (or of [38℄)
that the general urve whih orresponds to (3α,α5, 2) ∈ Z⊕7 is the generi urve of a non-redued
omponent of H(d, g) for every α ≥ 4 (Mumford's example orresponds to α = 4). The diameter
is 2α − 5. In the same way the general urve whih orresponds to (3α + 1, α5, 2) ∈ Z⊕7 is the
generi urve of a non-redued omponent of H(d, g) with diamM = 2α− 4 for every α ≥ 4. Using
Theorem 5 for c1 = 2 we get non-redued omponents of MP3(c1, c2, c3) for every diamM(F) ≥ 3,
F the generi sheaf. Thanks to Theorem 16 there is only one ase left and we expet:
Conjeture 18. Every irreduible omponent of MP3(c1, c2, c3) whose generi sheaf F satises
diamM = 2 is redued (i.e. generially smooth).
There are some evidene to the onjeture, namely that every Buhsbaum urve of diameter
at most 2 admits a generization in H(d, g) whih is unobstruted ([23℄, Cor. 4.4), i.e. belongs to
a generially smooth irreduible omponent. By the arguments in the proof of Theorem 16 every
Buhsbaum sheaf of diameter at most 2 must belong to a generially smooth irreduible omponent
of some MP3(c1, c2, c3).
4 A lower bound of dimMP3(c1, c2, c3).
In this setion we want to give a lower bound of the dimension of any irreduible omponent of
MP3(c1, c2, c3) in terms of the graded Betti numbers of a minimal resolution of the graded R-module
F = H0∗ (F), see (22). The lower bound is straightforward to ompute provided we know the
dimension of the ohomology groups H i(F(v)) for any i and v. It is well known that ed(F) =
8c2 − 2c
2
1 − 3 is a lower bound, but there are many examples of so-alled oversized irreduible
omponents whose dimension is stritly greater that ed(F). Our lower bound is usually muh loser
to the atual dimension of the oversized omponents provided H1∗ (F) is small. If a omponent
of MP3(c1, c2, c3) is generially smooth, we also inlude a formula for dimension of the omponent
whih is a sum of the lower bound and a orretion number whih we make expliit.
Denition 19. If F is a reexive sheaf on P3, we let
δj =
∑
i
(β1,i − β2,i + β3,i) · h
j(F(i)).
Remark 20. If F is reexive on P3 and −4HomR(F,F ) = 0, then
0homR(F,E) = δ
2 − δ3
by Lemma 12. This makes the dimension formulas of Theorems of 9 and 16 more expliit.
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Proposition 21. Let F be a reexive sheaf on P3 satisfying −4HomR(F,F ) = 0. Then
0ext
1
R(F,F ) − 0ext
2
R(F,F ) = 0homR(F,F )− δ
0 = ed(F) + δ2 − δ1 − δ3.
Proof. To see the equality to the left, we apply 0HomR(−, F ) to the resolution (22). We get
0homR(F,F ) − 0ext
1
R(F,F ) + 0ext
2
R(F,F ) = δ
0 .
Moreover the right hand equality follows from (4) and (5). Indeed we have already onsidered the
onsequenes of (4) in Lemma 12 and Remark 13. We have
0ext
2
m(F,F ) − 0ext
3
m(F,F ) = δ
1 − δ2 + δ3
by Remark 13. Combining with the exat sequene (6) whih implies
ed(F) = 0ext
1
R(F,F )− 0ext
2
R(F,F ) + 0ext
2
m(F,F )− 0ext
3
m(F,F ) ,
we get the last equality.
Theorem 22. Let F be a stable reexive sheaf on P3. Then the dimension of MP3(c1, c2, c3) at (F)
satises
dim(F)MP3(c1, c2, c3) ≥ 1− δ
0 = ed(F) + δ2 − δ1 − δ3.
Moreover if F is a generi sheaf of a generially smooth omponent V of MP3(c1, c2, c3) and M =
H1∗ (F), then
dimV = ed(F) + δ2 − δ1 − δ3 + −4homR(F,M)
where −4HomR(F,M) is the kernel of the map
⊕
i
H1(F(i − 4))β1,i −→
⊕
i
H1(F(i − 4))β2,i
indued by the orresponding map in (22).
Remark 23. Let F be a stable reexive sheaf on P3.
(i) If M = 0, then δ1 = 0 and we an use Theorem 9 and Remark 20 to see that the lower bound of
Theorem 22 is equal to dim(F)MP3(c1, c2, c3). This oinides with [33℄.
(ii) If diamM = 1 and F is a generi unobstruted sheaf, then the lower bound oinides with
ed(F) + 0homR(F,E) + rβ2,c of Theorem 14 beause rβ1,c = 0 for a generi sheaf by [23℄, Cor. 4.4
and the proof of Theorem 16. Moreover in this ase the orretion number −4homR(F,M) is equal
to rβ1,c+4. Hene we get the dimension formula of Theorem 14 from Theorem 22 in this ase.
(iii). The lower bound of Theorem 22 is learly better that the bound ed(F) provided δ2 > δ1 + δ3.
Proof. By a general theorem of Laudal [24℄ on the dimension of the hull of any loal deformation
funtor, we get that 0ext
1
R(F,F ) − 0ext
2
R(F,F ) ≤ dimOF where OF is the hull of the deformation
funtor of the graded module F (see Remark 8). To get the inequality of the theorem it sues, by
Proposition 21, to prove dimOF ≤ dim(F)MP3(c1, c2, c3). Sine we will use Theorem 5 we replae F
by F (v) for v >> 0 to have the assumptions of Theorem 5 satised. It is known the Hilbert sheme
H(d, g) ontains a subsheme H := H(d, g)γ whih is the representing objet of the subfuntor of
at families of urves with xed postulation γ. For the loal deformation funtors at a urve (X)
the latter orresponds preisely to the graded deformations of the homogeneous oordinate ring of
X ([27℄ and reall γ(v) = h0(IX(v)), v ∈ Z, see also [23℄). Hene we get
dimOH,(X) = dim(X) H(d, g)γ ≤ dim(X)H(d, g). (32)
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By Theorem 5, dim(F) MP3(c1, c2, c3) + h
0(F) = dim(X)H(d, g) + h
0(ωX(−c1 + 4)). We laim that
dimOF + h
0(F) = dimOH,(X) + h
0(ωX(−c1 + 4)). (33)
This is mostly explained in Remark 8. Indeed the natural forgetful map p0 : DefF,H0∗(σ) → DefF
is smooth and has the same ber as the forgetful map p : DefF ,σ → DefF in Theorem 5 by Re-
mark 8. In the same way the orresponding graded variation of q : DefF ,σ → HilbX/P3 is smooth
by 0Ext
2(IX(c1), R) ≃ Ext
2(IX(c1),OP3) = 0 and its ber oinides with that of q, due to the iso-
morphism 0Ext
1(IX(c1), R) ≃ Ext
1(IX(c1),OP3) (f. (3) and (5)) and the arguments of Remark 8.
This proves the laim and the inequality of the theorem.
It remains to prove at −4homR(F,M) is the orretion number sine the reformulation as a
kernel is trivial. Let X be the generi urve of a omponent of H(d, g) whih orresponds to V .
Let γ be the postulation of X. Sine there is a smooth open subsheme U ∋ (X) of H(d, g) of
urves with postulation γ, we get H(d, g)γ ∩ U = H(d, g) ∩ U . Hene H(d, g)γ is smooth at (X)
and we have equality in (32). By Theorem 5 and (33), dimOF = dim(F)MP3(c1, c2, c3) and OF is
smooth. Hene dimOF = 0ext
1
R(F,F ) and 0ext
2
R(F,F ) is the orretion number. Sine we have
0Ext
2
R(F,F )
∨ ≃ −4HomR(F,M) by (4) and (3), the proof is omplete.
In [23℄ we proved a result (Lem. 2.2) similar to Proposition 21 for any urve X with minimal
resolution,
0→
⊕
i
R(−i)β
′
3,i →
⊕
i
R(−i)β
′
2,i →
⊕
i
R(−i)β
′
1,i → IX → 0 , (34)
namely that
0ext
1
R(IX , IX)− 0ext
2
R(IX , IX) = 1− δ
0
I = 4d+ δ
2
I − δ
1
I (35)
where δjI =
∑
i(β
′
1,i − β
′
2,i + β
′
3,i) · h
j(IX(i)) and d = deg(X). Note that the dierene of the ext-
numbers in (35) is a lower bound for dimOH(d,g)γ ,(X) ([23℄, proof of Thm. 2.6 (i)). As a by-produt
of (32) and the proof above we get
Theorem 24. Let X be a urve in P3. Then the dimension of dim(X)H(d, g) at (X) satises
dim(X)H(d, g) ≥ 1− δ
0
I = 4d+ δ
2
I − δ
1
I .
Moreover if X is a generi urve of a generially smooth omponent V of H(d, g) and M = H1∗ (IX),
then
dimV = 4d+ δ2I − δ
1
I + −4homR(IX ,M)
where −4HomR(IX ,M) is the kernel of the map
⊕
iH
1(IX(i−4))
β′
1,i →
⊕
iH
1(IX(i−4))
β′
2,i
indued
by (34).
Remark 25. Let X be any urve in P3.
(i) If M = 0, then δ1I = 0 and we an use Theorem 2.6 of [23℄ to see that the lower bound of
Theorem 24 is equal to dim(X)H(d, g). This oinides with [7℄.
(ii) If diamM = 1, dimM = r and X is a generi unobstruted urve, then the lower bound is equal
to 4d+ δ2I + rβ
′
2,c beause rβ
′
1,c = 0 for a generi urve by [23℄, Cor. 4.4. Moreover in this ase the
orretion number −4homR(IX ,M) is equal to rβ
′
1,c+4. Hene we get
dimV = 4d+ δ2I + r(β
′
2,c + β
′
1,c+4).
This oinides with the dimension formula of [23℄, Thm. 3.4.
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